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Abstract 

We revisit the original formulation of Arrangement Field Theory. In the 
new approach, all degrees of freedom, both bosonic and fermionic, fit a 
unique 6x6 matrix whose entries take value in the Lie algebra s/(2,0). 
There is no place here for new fermionic fields except gravitino. Conversely, 
as new bosonic fields there appear SU (6) gauge fields, graviton and spin- 
connections. The resulting theory is invariant under superspace diffeomor- 
phisms. These include local supersymmetry and then supergravity. Finally, 
the theory seems to be renormalizable. 
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1 Introduction 



In what follows we revisit the original formulation of Arrangement Field Theory. 
In the new approach, all degrees of freedom, both bosonic and fermionic, fit a 
unique 6x6 matrix whose entries take value in the Lie algebra sl{2, O) ~ so(l, 9). 

This choice follows from our need to have entries which automatically 
implement Lorentz symmetry. Moreover (see section the use of octonions 
permits to have exactly three fermionic families which transform under gauge 
symmetry in the skew symmetric representation, the one required by SU (6) Grand 
Unified Theory. 

Our starting space is R^" with Lorentzian signature and symmetry SL{2, O) 
~ 5*0(1,9). Via compactification we move to with Lorentzian signature and 
symmetry SL{2,C) ~ 50(1,3). 

There is no place here for new fermionic fields except gravitino. Conversely, as 
new bosonic fields there appear SU{6) gauge fields, graviton and spin-connections. 
The resulting theory is invariant under generalized diffeomorphisms in a twelve di- 
mensional superspace. These include local supersjTumetry or rather supergravity. 
Finally, the theory seems to be renormalizable and so it motivates a deep investi- 
gation. 

Here we concentrate just on issues that differ from the first formulation [1], 
omitting more sensitive issues as duality with String Theories (except for a brief 
excursus in the end). 

2 Preliminaries 

In this section we collect all physical fields inside a unique field with values in 
sl(2, O), which is the algebra of octonionic null trace matrices and their commu- 
tators. Let's consider the space F of hermitian 2x2 matrices with entries in the 
ensemble of octonions O. This space has dimension 10 and a useful base is given 
by the following matrices cr*-'^=0'iv,9- 
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Such matrices have very good properties: 

[1] For every vector field Am in which transforms under Aj^^ e S0{1,9) as 
Am — )■ A'^ = Af^^ An, there exists a field A = Amct^ in F and a transformation 
U{A) e SL{2,0) such that A ^ A' = f/(A)Af/(A)t = A'^a^ . This relation 
points out an homomorphism between SL{2, O) and 5*0(1, 9), with F ^ R^*^. The 
map from SL{2, O) to 5*0(1, 9) has kernel ±1 and then it is two to one; 

[2] For every vector field Am in R-'^'^ which transforms under Aj^^ e 5*0 (1,9) 
as Am ^ A'm ^ A^^An, there exists a field A = Am^^ in F (with a^'^l^ = 
^p-y^as ^ transformation U{A) e SL{2, O) such that A ^ A' ^ W-\A)A 

U(A)-' = A'^a^; 

[3] Given a real tensor field Wmnp---qrs which transforms under A^^-^ e 'S'0(1, 9) 
in W;^NP-QRS = ^m'^n'K^' ■ ■ ■ ^q'^r'^s^'Wm'n'p'-q'r'S': there exists a field 
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W = Wmnp...qrs(^'^ (g) (g) ct-^ (g) . . . (g) (g) o-^ (g) (T^ and a transformation U e 
SL{2,0) such that W = WMNP-QRs{Ua^W)^{W-^)a^{U-^)®{UaPW)(g). . .0 
(C/(7^C/t)(g(C/t-ia^C/-i)(g)(C/(7^C/t) = M^Mjvp...Qii5<^^«'^^®(7^<^- ■ .<g)cr^<ga^<g(7^; 

[4] Given an anti-symmetric real tensor field Wmn which transforms under Ajy^^ e 
50(1, 9) in W^j^ = Aj^'A^^' Wm'N', there exists a field operator W = Wmn(7^^^ 
which acts on T as a map T jWmn[o'^^ , [o''^,T]\ and a transformation f/ G 
5L(2,0) such that W = WMN{U(T^U^){W-^a^U-^) = Wmn{U(t^){U^U^-^) 
(a^U-^) = WMNiUa^^a^U-^) = W^j^a^a^. It's straightforward that W e 
sl{2, O) and sl{2, O) (g Ri°. 

Under compactification of in R^, Wmn gives rise to the following fields: 

• Real Spin Connections W^i,; 

• Six Real Vector Fields A(m)(U = M/^m, with M = 3,4, 5, 6, 7, 8; 

• Fifteen Real Scalar Fields (j)(MN)- 
Proceed by extending Wap to fermionic fields 



with xlf, i^M'y £ R- In addition to the abovementioned fields, with respect to 
transformations in 5*0(1, 3) ~ SL{2, C), we have 

• Two real Gravitinos ipj^ and ; 

• Two Weyl spinors in three families so composed 




(1) 

(2) 
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(3) 



M=3,4,5,6,7,8 



n=l 
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E <^''xM = E^"(x'+" + ^x'^") (4) 

M=3,4,5,6,7,8 n=l 

with definitions 



M 



a 



a 



From now we use -0" by meaning -0^+" + Iijj^'^"' and by meaning x^^"^ + /x^^"- 
In this way 

3 3 

^mct'' = J2 ^^XM = Yl ^»x" 

n=l n=l 

Let's define derivatives D and D: 

Dais = -(TajO^d/sdM - Idadfs 

Qa = = -Ida - ^T^^^^M 



Qa = D.^e, = Ida + e^T^ad. 



•M 



Q and Q arc the usual SUSY generators with {Q, Q} = 2a^P^. We can define 
covariant derivatives Wa0 = Dap + and V"^ = D"^ + VT"^ which transform 
in the natural way: 

{Wap + Dap) 
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where we have used 
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We see that W transforms as a gauge field for SL{2,0) and then it is a spin- 
connection. Define = and Vq = V'^^O^. Exphcitly: 

The most general non-trivial covariant action is 

J dVed^'x a|Va,V^}{v",V^} + 6(Va(7°"'^V^ + V^(7°"'^Vl) + 

+ c{v„,v^}|v^v''} + d{v„,v^}{v",v^} + 

+ / V^jVa, V^} a'^'vl + / Vt-{V„, V^} (7°^-^ 

(5) 

with a, b, c, d,e, f & R. 

3 Arrangement Matrix 

In this section we introduce the cornerstone of Arrangement Field Theory, ie the 
"Arrangement Matrix" . We start from observation that every euclidean space can 
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be approximated by a graph A, ie a collection of vertices connected by edges of 
coordinate length A. Continuous space can be recovered as the limit A — 0. 
However we have seen in [Ij that A is a universal constant 7^ 0, strictly connected 
to Black Hole entropy. More precisely, it results A^ = 8G, with G gravitational 
constant. 

We assume the vertices as fundamental quantities. Then we can select what 
couples of vertices are connected by edges; different choices of couple generated 
different graphs, which in the limit A — t- correspond to different spaces. Our fun- 
damental assumption is that the existence of an edge follows a probabilistic 
law, like any other quantity in QM. 

Before proceeding, we extend the common definition of amplitude probability. 
Usually this is a complex number, whose square module represents a probability 
and so it is minor or equal to one. We define instead the amplitude probability as 
a 2 X 2 matrix in sl{2, O). The square module of its determinant represents yet a 
probability and so it is restricted to be minor or equal to one. 

In this framework we describe every space by means of vertices connected by 
edges, with a 2 x 2 matrix next to each edge. What we are building is another 



variation of the Penrose's spin-network model [22| or the Spin-Foam models 
in Loop Quantum Gravity [23] . 

The fundamental object of our theory is an hermitian matrix V with dimensions 
N X N and entries in s/(2, O). The component V*-' represents the probability 
amplitude for the vertex i to be connected to the vertex j. In "second quantization" 
it becomes an operator which creates or annihilates connections between i and j. 
We call V "Arrangement Matrix". 

For every Arrangement Matrix there exists a "classical" Arrangement Matrix 
where every entry is approximated to or ±1 (consecutive and non consecutive 
vertices). The classical matrix determines the medium (classical) structure for the 
graph A. In this way, every Arrangement Matrix V is a sum of states \connected) 
and \non — connected) . 
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In our theory we admit local fields 4>{xi): 
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and non-local fields 
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4 Discrete derivative 

Let's consider a uni-dimensional circular graph with N vertices {xi, X2, X3, . . . , x^}. 
Discrete derivative is defined as 



dip{xi) 
d(p{xi) 
dip{xN) 



(f{Xi+i) - (fi{Xi-l) 
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(6) 



For example, in the case N — 7: 
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Wc sec that M is a "classical" arrangement matrix which describes connections 
between vertices i and i ± 1 along classical geodetics. 

Consider now a d-dimensional graph A with N vertices. Start by plunging the 
graph in a differentiable manifold T. We have d independent ways to intercept all 
vertices of A by means of a geodetic congruence in T. It's then obvious to define 
coordinates in A as counters which increase point by point along eight geodetic 
congruences. 

For every coordinate (and congruence) P, there is only a finite number p of 
geodetics which intercept > points {Yl^=i''^i — can choose a number- 

ing of points under which the derivative operator along P (Mp) assumes a block 
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diagonal form. More precisely it will accommodate p blocks with a block for every 
useful geodetic in the congruence. Every block will be equal to M with dimensions 
rii X rii. 

Under the same numbering, the form of Mq for other coordinates Q ^ P is 
not block diagonal. In spite of this, for every line i there exists a j ^ i for which 
Mq = 1 and a j ^ i for which Mq = — 1. This happens when the vertex xj follows 
or precedes the vertex Xj along any geodetic in the congruence Q. All other entries 
are zero. 



5 Action 

Re-take the covariant action 



+ c{v,,v-,}|v^v''} + d{v„,v^}{v",v^} + 

+ / V"{Va, V^} a'^^'vl + / Vt'^jv^, V^} a'^'V^ 
In the graph it is simply 

S = Tv a I Va, V^} { V", V^} + 6 (V„ v\ + V^) + 

+ c{v«,v^}{v",v^} + d{Vc«,v^}{v",v^} + 

+ / V"{ Va, V^} (7°^^ + / Vt"{ V„, V^} (7°^^^ 

with Tr which acts on vertices in A. Action is also invariant under unitary trans- 
formations U G U{N) which act on the vertices (in some sense, exchanging the 
vertices each other.). The covariant derivative changes accordingly to 
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= D^p + W:,^ (7) 
with W;^p = UWcfiW - [Da,3, U]Ul This imphes A'^ = UA^W - I[d^, U]W and 

Given generahzed coordinates Z — {x,9,9), the group of local translations 
sends every field ip{Z) in ip{Z + X{Z)) = ip{Z\Z)), where Z'{Z) ^ Z + \{Z) is 
some real diffeomorphism from T to itself. Moving from T to A, Z'{Z) acts as a 
permutation inside the ensemble 

(p = {^{Zi), 99(^2), ^{Zs), • • • , ^{Zn)} 

A such permutation doesn't change the norm of (p, ie Hv^H^ = '^fL^(f{Zi)*(f{Zi), 
and hence local translations belong to unitary transformations U{N). It is well 
known that, for scaleir fields, invariance under difFeomorphisms is equiv- 
alent to invariance under local translations. Conversely, for field with in- 
dices, this equivalence lacks of a local Lorentz transformation. Fortunately in 
our approach the Lorentz transformations are implemented "by definition" and so 
diffeomorphisms invariance is guaranteed. 

Note that transformations in U {N) don't preserve locality. However they move 
vertices of A inside T without changing the abstract graph imphed in A. This 
means that the only physical objects are combinatorial relationships in A (ie what 
connections exist and what not), while their positions in T depend only on the 
chosen coordinate system. 

We conjecture that, for any matrix V with dimension N x N and entries in 
s/(2,0), there exists a unitary transformation in U{N) which makes the fields 
W = V — D diagonal (ie local). Moreover we interpret V as an arrangement 
matrix. 
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We can work with fields in the diagonal gauge by means of usual Feynman 
diagrams. The price to pay is non-local ghost fields. There is something ironic in 
a "ghost" field which disappears here and appears far away! 

6 SU{Q) gauge fields 

Image now that vertices in A are superimposed in groups of six. We label this 
groups with = {Z^, Z2, Z^, Z^, Z^, Z^}, where a run from 1 to Hence 

(p{Zi,Zj), ij = l^...^N ^ 

^cp{Zt,ZJ) = ip'\Z'^), z,j = l,...,6 a = l,...N/Q 

When vertices are superimposed, diagonal gauge is not uniquely defined: there 
remains a residual gauge symmetry for transformations which act inside the en- 
sembles Such transformations have form exp{H), where if is a 6 x 6 ma- 
trix with entries in sZ(2, O). More precisely, H = u ® u with u G sZ(2, O) and 
u G u(6) = u(l) ® su{Q) (this last is built with I as imaginary unit). Note that 
trH e s/(2,0) and then 

det {exp (H)) = exp {tr (H)) e SL{2, O) 

If we interpret the ensembles Z"- as "physical" points, then the residual symmetry 
is local SU{Q)® SL{2,0). 

We have seen in [1] and |2] that only the trace component contributes to the 
Ricci Scalar Tr k[V, V]; these V" are gauge fields for the Lorentz group SL{2, O) ~ 
5*0(1,9) and then we have concluded that General Relativity is unaltered in the 
vacuum at classical level. 

Diagonal components of V permit a wonderful understanding of spin. Re- 
member that M is a "classical" arrangement matrix which describes connections 
between vertices i and i ± 1 along classical geodetics. Together, such matrix gives 
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momenta along geodetics by means of equivalence P = —IM. Similarly, detV^^ 
represents the probability amplitude for the vertex i to be next to itself along a 
geodetic which draws a loop knotted to the point i. At the same time V** contains 
the SU{2) generators which are spin operators. By analogy we interpret spin as 
a momentum along pointwise loops (connections from i to i). This point of 
view becomes more clear by exploiting duality between AFT and String Theory [1]. 

Look now to the gauge symmetries. Under SU (6) the field Wp transforms in 
the adjoint representation: 



Using lin = —inl we obtain U^n = inU'^ and then 



Finally 



na ^ 



Tik fkl Tjlj 



We see that spinorial fields transform in the skew symmetric representation, which 
is the correct representation for spinors in SU{6) Grand Unified Theory. It de- 
composes in the sum of skew symmetric and fundamental representations of SU{5) 
Grand Unified Theory, better known as Georgi-Glashow model. 
In terms of SU{2) (g) U{1) (g) SU{3) generators we have 



A = u{l) 
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su{3) 
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We have used the convention of Georgi - Glashow model, where the basic fields of 
ipn are all left. We have indicated with the charge conjugation. The subscripts 
R, G, B indicates the color charge for the strong interacting particles (R=red, 
G=green, B=blue). the index n runs over the three fermionic families. 

In Georgi - Glashow model the fermionic fields are divided in two families. The 
first one transforms in the representation 5 of SU (5) (the fundamental representa- 
tion). It is exactly the array {ip};') in the matrix above, with j = 2, 3, 4, 5, 6. This 
array transforms in fact in the fundamental representation for transformations in 
SU (5) which acts on indices values 2^6. The second family transforms in the 
representation 10 of SU{5) (the skew symmetric representation). It is exactly the 
sub matrix (ipl^) with i,j = 2, 3, 4, 5, 6. 

Note that particles in this model (except for the Grand Unification Gauge 
Fields) are exactly the observed particles, with fermions in three families. In the 
papers [1] and [2] we have developed an useful manner to obtain the symmetry 
breaking without using the Higgs boson, in such a way to avoid proton decay. 



7 String duality 

We infer the existence of a duality between String Theory in T and Arrangement 
Field Theory in A. We introduce a gauge connection Wm{Z) in T with values in 
sl{2, O). At this point we set 
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r ^^^^^ ( riZj) 

V'^ ~ y n YldZ^{T)exp\^J WM{Z)drZ^\T)dT 



z. 



T{Zj 

n 

T=T{Zi) Q 

} 

~ nn(^^^(^))"' es/(2,o) (8) 

Z=Zi M 

Here we have used a parameter r G R to parametrize the edge ij between vertices 
Zi and Zj. If we consider a closed path made by edges ij, jfc, kl and ki, then we 
obtain 



l.r{Zi)T{Zk)T{Zi)T{Z,) 

^ij^jk^ki^H^ n n n nn^^'^(^)^^p(f WMiz)drz^'ir)dr 

r{Z,)T(Z,)r{Z^)r{Zi) O \J Uijkl 



[ D{Z)exp ( [ e^^FMNZ'lZ''^pSa\ 

J \Juijkl J 



I Uijkl 

Fmn ={dA W)mn (9) 

In the second line we have introduced coordinates a"^^'^ over surfaces with vertices 
ijkl. Obviously, more accuracy needs to discern V from V. However you see on 
the left a field theory over A and on the right a string path-integral over T in 
presence of a skew-symmetric background Fmn- For more ideas and links with 
Loop Gravity see Until now we can reach four conclusions: 

• Our universe is a spin- foam where every surface &jk ... z is a string world- 
sheet. In some sense, the strings join each other to construct space-time; 

• Gauge symmetries are not internal symmetries of strings but conversely they 
are symmetries which exchange worldsheets with each other; 

• Second quantization over A corresponds to String Field Theory over T; 

• The string coupling a' is proportional to A^, which in turn is equal to 8G 
(see calculation of black hole entropy in [1]). 
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8 Conclusion 



We have seen that exactly the discovered particles appear as sub-representations 
in the adjoint representations of SU{Q). Even the three fermionic families appear 
without tricks. Moreover, the proposed theory seems renormalizable if we choose 
as fundamental fields 

Action ([5]) gives the correct kinetic and interaction terms, plus Ricci Scalar and 
Gauss-Bonnet term. Note that fundamental step to obtain renormalizability is to 
have all fields which transform under local translations as — )■ U(f)W, in place of 
the usual Ucj) with U ~ exp{\^d^). 

In this way we include transformations which send local fields into non-local 
fields. In turn, this implies non local ghost fields. On the other hand, this way 
to do permits to use rj^u instead of metric G^y, describing gravitational fields by 
means of spin connections only. 

Now we have to verify the reliability of AFT. The first step will include calcu- 
lation of quantum amplitudes, for example a gravitons scattering at one loop level. 
Surely AFT needs also an improvement in the formalism, plus an exact evaluation 
of ghosts. 
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